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We study uniqueness of positive solutions to the equation AgU + c„m = 

r- . n+2 

. CnU"-^ on complete Riemannian manifolds. We apply the results to show 

, that conformal transformations on certain complete Riemannian manifolds of 

I constant negative scalar curvature are isometrics. We also study uniqueness of 

^ I complete positive solutions and radial solutions. 
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1. Introduction 



In this paper we study uniqueness of positive solutions to the equation 



[l.l) AaU + CnU = CnU 



n + 2 
n-2 



where Cn = (n — 2)/[4(n — 1)] and is the Laplacian operator for a Riemannian man- 
ifold {M,g) . Equation (1.1) arises as in the conformal deformation of a Riemannian 
metric into constant negative scalar curvature. Let M be an open n-manifold with 
n > 3 . Bland and Kalka 0] show that there exists a complete Riemannian metric g 
on M with scalar curvature equal to — 1 . Let u be a positive smooth function on M . 

4 

If the conformal metric gc = U"-^g has constant scalar curvature equal to —1 , then u 

satisfies equation (1.1). In this paper we study when a positive solution to equation 

(1.1) is unique, that is, whether m = 1 on M. 

Let (M, go) be a complete non-compact Riemannian n-manifold with scalar 

^KEY WORDS: positive solutions, scalar curvature, conformal transformation 
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curvature Rg^. Aviles and McOwen study when there exists a positive smooth 

4 

function f on M such that the conformal metric g = V'^-^go has scalar curvature 
equal to — 1 . In this case v satisfies the equation 

n + 2 

(1.2) Ag^v - CnRg.v = c„t;"-2 , 

where Rg^ is the scalar curvature of (M, go) . The question whether a positive solution 
to equation (1.2) is unique is equivalent to the uniqueness of a positive solution to 
equation (1.1). For if w is a smooth function on M which satisfies equation (1.2), 
then u = w/v satisfies the equation (1.1). Therefore m = 1 if and only if f = w on 
M. 

Equation (1.1) is a semilinear elliptic equation involving the critical Sobolev 
exponent. For open domains in IR" , semilinear elliptic equations which involve critical 
Sobolev exponents are studied by Brezis and Nirenberg ||5|, Gidas, Ni and Nirenberg 
0, Peletier and Serrin []T3|, Ni and Serrin and Zhang |]TP| In case M is a 



compact manifold without boundary, the maximum principle implies that equation 
(1.1) has only one positive solution m = 1 . If M is an open manifold, then equation 
(1.1) may have more than one positive solution. An example can be given on the 
open unit ball on IR" with the hyperbolic metric. However if the solution is strictly 
positive we have the following result. 

Theorem A. For an integer n > 3 , let (M, g) be a complete Riemannian n-manifold 
with scalar curvature equal to —1 . Assume that the sectional curvature of {M,g) is 
bounded from below and the injectivity radius of {M,g) is positive. If u E C°°{M) is 
a positive solution to equation (1.1) with irdxi^M ^{x) > , then u = 1 on M. 

Theorem A has nice applications to conformal transformations. Let 

F:{M,g)^{M,g) 

be a conformal transformation, where the scalar curvature of {M,g) is equal to —1 . 
Let u = |-F'|~2~ ^ where \F'\ is the linear stretch factor. Then u satisfies equation 
(1.1) [jl^. Therefore uniqueness of positive solutions to (1.1) implies that F is an 



isometry. Using theorem A we can prove the following result. 

Theorem B. For an integer n> 3 , let {M,g) be a complete non-compact Rieman- 
nian n-manifold with constant negative scalar curvature. Assume that the sectional 
curvature of (M, g) is bounded from below and the injectivity radius of (M, g) is pos- 
itive. Then any conformal transformation F : (M, g) — >■ (M, g) is an isometry. 

Kuiper proves that any conformal transformation on a complete Einstein 
manifold with negative scalar curvature is an isometry. Lafontaine p| shows that any 
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conformal transformation of 5"" x H"* (m > 2) is an isometry. As a result of theorem 
B, we can show that any conformal transformation of a locally symmetric space of 
non-compact type with dimension bigger than two is an isometry. 

The assumption that u is bounded away from zero may not be natural in the 
general content. But there may have more than one positive solution to equation 
(1.1) if we take away the assumption. For example, for any constant b > 1 , 
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M^) = 4^ — for X e B' 



is a positive solution to equation (1.1) on the (scaled) hyperbolic space. A more 

4 

natural assumption is that the conformal metric gc = u^-'^g is complete. We study 
the uniqueness of a positive radial solutions to equation (1.1) under this assumption. 
For an integer n > 3 , let (r, 0) be the polar coordinates on IR" , where r > and 
© e S'^~^ . We consider warped product metrics on IR+ x S'^~^. Let / be a smooth 
function on [0, oo) with /(O) = 0,/'(0) = 1 and / > on (0, oo) . The Riemannian 
metric 

(1.3) g = dr^ + f{r)de^ 

is complete on IR" = IR"*" x S'"~^. The hyperbolic space is corresponding to 

/ (r) = sinh r for r > , 

while the Euclidean space with the standard metric is corresponding to /(r) — r for 
all r > . Let w be a solution to equation (1.1) with g of the form (1.3) . We say that 
u is a radial solution if w is a function of r only (independent on ©) . 

Theorem C. Let u be a positive radial C"^ -solution to equation (1.1) on 

(]R" , g^ dr^ + f{r) dO^) . 



Assume that limr^oo/('") = oo and there exist positive constants i?^ and C such that 

4 

\f'{^)l f{^)\ — C for dll r > Ro . If the conformal metric gc = U"-^g is complete, then 
u = l. 



For a positive solution v to equation (1.1) that may not be radial, we show 
that if there exists a, 6 > such that v < 1 — 6 outside a compact set, then the 

4 

conformal metric g^. = v^-'^g is not complete. We also show that if w is a positive 
solution to equation (1.1) on the (scaled) hyperbolic space and u ^ 1, then u < 1 
everywhere. 
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2. Bounded Solutions 



Throughout this paper we let (M, g) be a complete Riemannian n-manifold with 
n > 3 . Let RiCj, be the Ricci curvature of (M, g) . 

Lemma 2.1. Assume that RiCg > —c^g on M for some positive constant c. Let 
u G C°°(M) he a positive solution to (1.1). If mi^i^MU^x) > and sup^gj^^ 'u(x) < oo , 
then u = 1 on M . 

Proof. Suppose that there exists a point Xq G M such that u{xo) > 1 . Then we have 

1 < sup u{x) < oo . 

By the Omori-Yau maximum principle (c.f. [1^), there exists a sequence {a^fcj^jgjsf 
such that ^ 

\im u{xk) = sup u{x) , \\7u{xk)\<Y 



and 

1 

k 



(2.2) Agu{xk)<- 



As sup^fzM u{x) > 1 , there exists a number e > and G IN such that 

( n + 2 \ 
U"-^ {xk) — u{xk)] > e for all k>N. 

Therefore 

Agui^k) = Cn (u'^ (Xk) — u{xk)^ > e foT all k>N, 

which contradicts (2.2). Therefore m < 1 on M. Suppose that there exists a point 
Ho & M such that u{iio) < 1 . Let v = 1 — u and a = inf^-gM u{x) . We have < a < 1. 
Then 0<f<l — a<l. By the Omori-Yau maximum principle, there exists a 
sequence {yk}k<zf^ such that 

lim v{yk) = sup v{y) , \ y v{yk)\ < j 

k^oo k 

and 

1 

k 



(2.3) Agvivk) < - . 



As 1 > supj^gjyj v{y) > , there exists a number 5 > and A^' G IN such that 
Agv{yk) = c„ (u{yk) - u^{yk)) > S for all k > N' , 
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which contradicts (2.3). Hence u = 1 on M . □ 

Theorem 2.4. Let {M,g) be a complete non-compact Riemannian manifold with 
scalar curvature equal to —1 . Assume that the sectional curvature of {M, g) is hounded 
from below and the injectivity radius of{M, g) is positive. Let u G C°°(M) he a positive 
solution to equation (l.l). Ifm{xeMu{x) > 0, then u = 1 on M. 

Proof. By lemma 2.1 we just need to show that sup^f^M u{x) < oo . Let io be the 
injectivity radius of (M, g) . By the assumption of the theorem, io > . Let x G M 
and X ^ C^{M) be a non- negative function which is zero outside Bx{io) • As in 0, 
we multiple both sides of (1.1) by and then integrate by parts, we obtain 

(2.5) c„ / dvg 

JM 



<-/ x''\Vu\'^dvg-n ux'' ^ ivx ■ Vu) dvg + On x'^u^ dvg . 

JM JM JM 



We have 



2U)^ UVX 



(x)2 VM 



where the dot product and the norms are with respect to the Riemannian metric g . 
From (2.5) we have 

(2.6) c„ / dvg<^ [ u^x^~'^\ V dvg + c„ / dvg . 

JM 4 Jm JM 

Using Young's inequality we have 

(2.7) u\-^ I V < «^ X" + I V xr 

n n 

and 



(2.8) ,,V<(!i^«Sx" + — X 



where e is a positive number. If we choose e to be small, then there exists a positive 
constant C{n) depending on n only such that 



(2.9) / x^'u— dvg<C{n) {\yxr + x'')dvg. 

JM JM 

If we choose x to be equal to one on B.j.{io/'^) and zero outside Bx{io), with | V xl < 
10 /io, we have 

/ . u~ dvg < C{n, io) Vol 5^(zo) • 
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As the sectional curvature is bounded from below and the scalar curvature is equal 
to —1, the sectional curvature is bounded from above as well. We have Vol B^{io) < 
C{io), where C{io) is a positive constant depending on io and the upper bound for 
sectional curvature only Thus 



2n 

■u"-2 dv„ < C 



and the positive constant C is independent on x and u . On (M, g) we have the Sobolev 
inequality for compactly supported functions [|I| , and m is a positive smooth function 
which satisfy 

AqM > —CnU OU M . 



By using a result of Li-Schoen [|T^ and the De Giorgi-Nash-Moser regularity theory 



as in 12 , we conclude that u is bounded from above. □ 



3. Conformal Transformations 

Theorem 3.1. Let {M,g) be a complete non-compact Riemannian manifold with 
constant negative scalar curvature. Assume that the sectional curvature of (M, g) 
is bounded from below and the injectivity radius of (M, g) is positive. Then any 
conformal transformation F : (M, g) (M, g) is an isometry. 

Proof. By a scaling we may assume that the scalar curvature is equal to — 1 . Let 

71 — 2 

u = \F'\^~ , where \F'\ is defined by the equation 

F*g (y) = \F'{x)\'^g{x) with y = F{x) . 



Then u satisfies the equation (c.f. WW ) 



n + 2 

(3.2) ^gu{x) + Cnu{x) = CnU^^ {x) for all xGM. 

By the proof of theorem 2.4, u is bounded from above. On the other hand 

F-^:{M,g)^{M,g) 
is also a conformal diffeomorphism and 

{F-yg{x) = \ g{y) with x = F-\y) . 
\F'{x)\^{y) 

Thus 1/u also satisfies the equation 



By the proof of theorem 2.4, 1/u is bounded from above. Therefore u is bounded 
away from zero. By lemma 2.1 we have n = 1 on M. Therefore F is an isometry. □ 

Corollary 3.3. Let {M,g) be a complete Riemannian manifold with non-positive 
sectional curvature and constant negative scalar curvature. Then any conformal trans- 
formation F : (M, g) — * (M, g) is an isometry. 

Proof. By a scaling we may assume that the scalar curvature is equal to — 1 . Let 
(M , g) be the universal covering of M with the pull-back metric g . As the scalar cur- 
vature of g is equal to —1 and the sectional curvature is non-positive, therefore the 
sectional curvature is bounded from below. Furthermore, by the Cartan-Hadamard 
theorem P], {M ,g) has infinite injectivity radius. By pulling back the conformal 
transformation F to a conformal transformation F : M ^ M and apply theorem 3.1, 
F is an isometry. Therefore F is also an isometry. □ 

It follows that a conformal transformation of a locally symmetric space of 
non-compact type is an isometry. 



4. Complete Solutions 



We remark that without the assumption inf^-gAf 'w(x) > 0, equation (1.1) may have 
more than one positive solution. For example, let > 3 be an integer and 5ij be the 
standard Euclidean metric and 



(4.1) K,{X) = ""^^^^^^ly ioTXeB- 



be the (scaled) Poincare metric on the open unit ball B" of IR" , scaled by the positive 
number n{n — l) so that the scalar curvature of h is —1 . The (scaled) hyperbolic space 
= (B", h) is conformal to the standard Euclidean metric Sij on B" . Let f be a 

4 

positive smooth function and gc = v^-'^g . For any smooth function u we have 



(4.2) (A^ - CnRg) {UV) = (Ag^ - CnRg 



u 



see, for example, |T8|). Here Rg and Rg^ are the scalar curvature of g and gc respec- 



tively. It follows that if M is a positive solution to the equation 

n + 2 

[Ag^ - CnRgJU = C„M"-2 , 

then UV satisfies the equation 

n+2 

{Ag - CnRg){uv) = Cn{uv)"-2 . 
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In particular if gij — 5ij and 

(4.3) v^^{x)= ^"^^^'^l for xeB\ 

[i \x\ j 

and M is a solution to equation (1.1) on the (scaled) hyperbolic space, then 

7X + 2 

Ao{uv) ^ Cniuv)"^ on S", 

where Ao is the Laplacian of the Euclidean space. Therefore any positive solution w 
to the equation 

n+2 

(4.4) 

also provides a positive solution to equation (1.1) on the (scaled) hyperbolic space. 
Let (r, 9) be the polar coordinates on IR" , where r > and © e S"'~^ . For a function 
w that depends on r only, we have 

Tl — 1 

Aow(r) = w"{r) H w'{r) for r > . 

r 

A calculation shows that equation (4.4) has positive solutions of the form 

n-2 

(4.5) = tor .eB", 

(62 - |x|2) 2 

where 6 > 1 is a constant. Thus for any number b > 1 , 

(4.6) «b(a;) = w(a;)v-i(a;) = ( ^i^— -^U I ' for x e 

\ — \xf J 

is a positive solution to equation (1.1) on the (scaled) hyperbolic space. We note that 
if 6 > 1 , then Ub < 1 and lim|j.|_»i u{x) — , and if 6 = 1 , then Ub = I on . By 
the proof of theorem 2.4, any positive solution u to equation (1.1) on the hyperbolic 
space is bounded from above. Using the maximum principle as in lemma 2.1 we have 
M < 1 on the hyperbolic space. 

A positive solution to equation (1.1) is called complete if the conformal met- 

4 

ric Qc = U"-2g is a complete Riemannian metric on M . In this section we discuss 
whether complete positive solutions to the equation (1.1) are unique. We note that 
the solutions given in (4.6) on the (scaled) hyperbolic space are not complete unless 
b — 1, that is, u = 1 . 

Proposition 4.7. Let {M,g) be a complete non-compact Riemannian manifold 
with scalar curvature equal to —1 . Assume that the sectional curvature of {M,g) is 
bounded from below and the injectivity radius of (M, g) is positive. Let u be a posi- 

4 

tive smooth solution to the equation (1.1). If the conformal metric gc = U"-^g is a 
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complete Riemannian metric with sectional curvature hounded from below and with 
positive injectivity radius, then u = 1 on M . 

Proof. The Riemannian manifold (M, Qc) has constant scalar curvature equal to — 1 . 
Then v = 1/u satisfies the equation 

n + 2 

(4.8) Ag^V + CnV = CnV"-^ ou M . 

The proof of theorem 2.4 shows that v is bounded from above, that is, u is bounded 
away from zero. Lemma 2.1 implies that -u = 1 on M . □ 

Let us consider positive radial solutions to equation (1.1). Let (r , 6) be polar 
coordinates on IR" , where r G [0, oo) and 9 G S"'~^ . Let 

g = dr^ + f\r) de^ 

be a Riemannian metric on M, where / G C°°[0, cxd) is a positive function with 
/(O) = and /'(O) = 1 . We note that (? is a complete Riemannian metric on IR" . 
The hyperbolic space is corresponding to /(r) = sinhr for all r > . 

Theorem 4.9. Let u be a positive radial C"^ -solution to equation (1.1) on {M" , g = 
^^2 _|_ y2j^^-j ^q2-j ^ n > 3. Assume that limr-,oo f{r) = oo and there exist positive 
constants Ro and Co such that \f'{r)/ f{r)\ < Co for all r > Ro ■ If the conformal 

4 

metric Qc = u^-'^g is complete, then u = 1 . 

Proof. For the Riemannian metric g = dr"^ + /^(r) dQ^ we have 

(4-10) ^^-^ + S(^^ + 7^^^' 



where Ae is the Laplacian for the standard unit sphere in IR" , see, for example, [ITT 
If M = M(r) , then equation (1.1) becomes 

(4.11) u"{r) + i!i^|lpin'(r) = c„(n^(r) - u{r)) . 

We consider the case that u{0) = 1 first. If there exists r' > such that u{r') > 1 
and ■u'(r') > , then u'{r) > for all r > r' . Otherwise there exists a point r" > 
such that u{r") > 1 , u'{r") = and u"{r") < 0, but equation (4.11) shows that this 
is not possible. Similarly if there is a point Tq such that u{ro) < 1 and u'{ro) < 0, 
then u'{r) < for all r > To - Hence if u ^ 1 , then either u{r) > 1 and u'{r) > or 
u{r) < 1 and u'{r) < for all r > Vo . Consider the first case. From equation (4.11) 
we have 



n+2 



(4.12) =Cn{u--' -u). 



9 



Let X e C^([0, oo)) be a cut-off function. Multipling both sides of equation (4.12) 
by x"ii and then using integration by parts we obtain 

(4.13) c„ xV dr - ir-'u') ip^A dr = c„ x^^—- dr . 
We have 

(4.14) -(/V) = -nx'-Wu' - X'W + {n- l)xW^ . 
Applying the Cauchy inequahty we have 

Together with (4.13) we obtain 



Apply Young's inequality as in (2.7) and (2.8) and using the bound \ f/f \ < Cg to 
have 

(4.15) / x''u—^dr<C' (jxT + x") , 

where C is a positive constant. Let x = on [0, i?] U [i? + 3, cxd) with R > Rg and 
X = 1 on [i? + 1, i? + 2] , X > on [0, oo) and |x'| < | ■ Prom (4.15) we have 

nR+2 



/ dr < C" 

JR+I 



for all R > Ro , where C" is a constant independent on R . Therefore u is bounded 
from above. As u'{r) > for all r > and u is bounded from above, we can find a 
sequence {vk} and a positive constant e > such that u{rk) > 1 + e for all /c G IN , 
limfc^oo w'(rfc) = and u"{rk) < 0. But this contradicts equation (4.11). Thus we 
must have u{r-) < 1 and u'{r) < for all r > . Assume that u{r) > c for all 
r > OO , where c e (0, 1) is a constant. Then we can find a sequence {r^} and a 
positive constant 5 > such that u{r'^) > 1 — 5 for all A; e INT , \imk_,^ u'{rk) — and 
u"{rk) > 0. But this contradicts equation (4.11). Therefore limr^oo'w(r) = 0. There 
exist positive constants r' > Ro and C > such that for r > r' we have 

(4.16) ir-'u'nr) = Cnr-\r){u'^{r) - u{r)) < -Cr'\r)u{r) . 
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Integrating from r' to r > R' we have 

p-i{r)u\r) < p-^{r')u'{r')-C f {s)u{s) ds < -Cu{r) T'^s) ds , 

Jr' Jr' 

as u' <0 . Therefore 

Using the bounded /'// < Co we have {f"'~^y < Co{n — . An integration gives 

(4.18) r-\r) - r-\r') < Co{n - 1) f r'^s) ds . 
As liniy^^oo /(r) = oo, if r is large we have 

\r-\r)<Co[j''-\s)ds, 

that is, 

(4.19) gr:;f- >c- 

for all r large and for some positive constant c' . The inequality (4.17) and (4.19) give 

(4.20) u{r) < Ce-"' 

for all r large enough, where (7 is a positive constant. Thus the conformal metric 

4 

Qc — u^^g cannot be complete. Hence w = 1 on [0, oo). 

Assume that m(0) 7^ 1 . If m is a C^-function on R," which depends on r only, 
then u'{0) = . If u{0) > 1 , then equation (4.11) shows that there exists an e > 
such that u"{r) > for all r G (0, e) . Hence u'{ro) > for Tq small enough and hence 
u'{r) > for all r > ■ Similarly if m(0) < 1 , then u'{r) < for all r > . In either 
cases we can obtain contradiction as above. □ 

We have the following result for non-radial solutions. 

Theorem 4.21. For an integer n > 4 let g = dr'^ + /^(r) dQ^ be a Riemannian 
m,etric on iZ?" . Assume that lim^^oo /(^) = 00 and there exist positive constants R^ 
and Co such that \ f'{j-) j f(r-)\ < Co for all r > Ro ■ Let u be a positive smooth solution 
to equation (1.1) on {IR^ ,g). If there exist constants S G (0, 1) and rg > such that 
u{r, Q) < 1 — S for r > ro and © G S"'~^ , then the conformal metric gc — U"^g is 
not complete. 

Proof. In polar coordinates, using (4.10), equation (1.1) is given by 
/.^^x d'^iJ' (n — l)f'(r)du 1 . . n+2 
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where Ae is the Laplacian for 5"" ^ with the standard metric. For r > To, we have 
u{r, ©) < 1 — 5 for some constant S e (0, 1). Therefore 

(4.23) Cn{u^ -u) < Cn[{l - 6)^ - l]u = -eu , 

where 

e = c„[l-(l-5)^] >0. 

For a fixed number r > To , wc integrate equation (4.22) over S"'~^ with respect to 
the standard measure on S"'~^ and use Green's formula and (4.23) to obtain 



u dO 



(4.24) ^ '^^) ~^ /(r) dr ^1 s^-"^^ ^ Is^-^ 
For r > To, let 

U(r) = I u(r, e) de . 

Then (4.24) can be written as 

U"(r) + ~}-}^'^''^ U'(r) < -e U(r) for r > r,, . 
fir) 

Therefore 

{r~\r)U'{r))' < -e/"-^t/(r) for r > . 

The argument in the proof of theorem 4.7 from (4.16) to (4.20) shows that there exist 
positive constants C and c such that 

(4.25) U{r) = _^ude< Ce"^'' for r > r<, . 
Assume that n > 4 . We have 

(4.26) _^u^ de < (^J^ _^udey~' uui^ , 

where (Vn is the volume of the unit sphere in IR" . Using (4.25) and (4.26) we have 

(4.27) / / ^ dQdr < oo . 

To 

We claim that there exists £ "S"""^ such that 

POO _2_ 

/ W"-2 (r, Qo)dr < oo . 

4 

This means that the conformal metric U"^{dr'^ + p{r)dQ'^) is not complete. To 
prove the claim, by (4.27) and Fubini's theorem, there exists an positive integer C 
such that for any positive integer N we have 

Jg _i ""^(^^ dOdr = _^ [j^ u^(r, O) drj dO < C . 

12 



For each integer N > Vo, there exists a point Oat G 5"" ^ such that 




J To UJn 

A subsequence {0Afi}jg]N converges to a point 60 G S"'^^ . If 



/ U"-^ {r,Qo)dr = 00 , 



then there exists a positive integer A^' such that 




r^' 2 C 
(4.29) / u— (r, Qo)dr > — + 2 . 



is continuous, therefore in a neighborhood of Go we have 



/•AT' 2 C 3 

(4.30) / M~ (r, e)dr > — + - . 




As hnij^oo ©Afi = ©o and for all i such that Ni > N' , satisfies (4.28) and hence 



Theorem 4.31. For an integer n > 3, let g = dr"^ + /^(r) dQ^ be a Riemannian 
metric on . Assume that linir^oo fi^) = 00 and there exist positive constants Rq 
and Co such that \ f'{r)/ f{r)\ < Co and \ f"ir)/f{r)\ < Co for all r > Ro - Letu he a 
positive smooth solution to equation (1.1) on {M"' ,g).Ifu<lon and m(0) < 1 , 
then there exist positive constants a and C such that u{r, ©) < 1 — ae"'"'" for allr > . 

Proof. Let G C°°(1R") be a positive function such that u < 1 — on Bo{e) and 
(f){r , ©) = ae~^^ for r > e and G G 5"^^ , where e is a small positive constant and a 
and C are positive constants to be chosen later. Let $ = n — (1 — 0) . If there exists 
a point (ro, 9o) G IR" such that 



then sup $ > 5 . As the solution u is bounded from above and the radial Ricci 
curvature of g is given by —{n — l)f"/f, which is bounded from below by the as- 
sumption on /, the maximum principle (c.f. [|l^]) implies that there exists a sequence 
{(r-fc , 0fc)};fcg]N such that 



J To Wn 

This contradicts with (4.30). The proof of the claim is completed. 




n 



$(ro,eo)=(5>0. 



lim ^{rk , Qk) = sup $ > 5 



1 
k 
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and ^ 

Ag$(rfc,efe) < - . 

If the sequence is bounded, then we may assume that 

hm {rk,Qk) = (f,e). 

At (f , ©) we have 

$(f ,6) = sup$ > 5 and Ag$(f,e)<0. 

The function s — s is increasing on [{(n — 2)/(n + 2)}^ , oo) . If we choose 

a to be small, then 



n-2 



(4.32) u(f,e)>l-ae-^'>(^^ ' 

Using (4.10) to compute Ag0 and (4.32), we have 



n+2 



(4.33) Ag$(f,e) = c„(m^-'u)+A 



(1-ae-^O^ -(l-oe"""') 

+ C^ae-^^' - (n - l)^i^Cae-^^' . 

fir) 

As /'// is bounded outside Bo{e), if we choose C to be large enough, then there exists 
a positive constant c that depends on C and n only, such that 



(4.34) Cn [{1 - - (1 - «e-^Oj + C'ae-^'" - (n - l)^Cae-^''- > c. 

This contradicts that Ap$(f , ©) < . Therefore we may assume that — > oo as 
A; — > oo . Then 

lim $(rfe , Gfe) > (5 , 

fe— +0O 

which imphes that u{rk,Qk) > 1 + S — ae~^'^*' > 1 + 5/2 >1 for /c large. This 
contradicts with the assumption that u <1 on IR" . □ 

Corollary 4.35. Let u he a positive solution to equation (1.1) on the (scaled) 
hyperbolic space. If u ^ 1 , then u < 1 on 5" . 

Proof. We know that m < 1 . Assume that there is a point Xo G -B" such that 
u{Xo) < 1 . Using an isometry we may assume that Xo = . The (scaled) hyperbolic 
metric (4.1) is corresponding to a metric g = dr^ + /^(r) dQ^ with 

r 



fir) 



f(r) — \Jn{n — 1) sinh ■ 



We may apply theorem 4.31 to complete the proof. □ 
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